Abstract-Power networks have to withstand a variety of disturbances that affect system frequency, and the problem is compounded with the increasing integration of intermittent renewable generation. Following a large-signal generation or load disturbance, system frequency is arrested leveraging primary frequency control provided by governor action in synchronous generators. In this work, we propose a framework for distributed energy resources (DERs) deployed in distribution networks to provide (supplemental) primary frequency response. Particularly, we demonstrate how power-frequency droop slopes for individual DERs can be designed so that the distribution feeder presents a guaranteed frequency-regulation characteristic at the feeder head. Furthermore, the droop slopes are engineered such that injections of individual DERs conform to a well-defined fairness objective that does not penalize them for their location on the distribution feeder. Time-domain simulations for an illustrative network composed of a combined transmission network and distribution network with frequencyresponsive DERs are provided to validate the approach.
I. INTRODUCTION
Traditional approaches for regulating and maintaining system frequency in power transmission systems leverage inertial response, primary frequency response, and automatic generation control provided by synchronous generators. In the future, on the other hand, distributed energy resources (DERs) at both utility level and in commercial/residential settings are envisioned to complement traditional generationside capabilities at multiple time scales to aid frequency regulation and restoration due to disturbances arising from unexpected contingencies and intermittent renewable sources [1] - [4] . For example, primary frequency response from (utilityscale) DERs can significantly reduce the frequency nadir and steady-state frequency deviation [5] . Aligned with this emerging vision, this paper considers a distribution system featuring DERs, and proposes a DER-control strategy that enables a distribution feeder to emulate a virtual power plant Distribution feeder f Transmission system Fig. 1 . The proposed approach demonstrates how power-frequency droop slopes for individual DERs (m k ) can be designed so that: i) in aggregate, the f distribution feeder presents a frequency-regulation characteristic, R F ,f , at the feeder head, and ii) the injections of individual DERs (∆P k ) are location agnostic, hence conforming to a well-defined notion of fairness.
effectively implementing a power-frequency-droop characteristic at the interface with the transmission grid. We discuss ideas with respect to the illustrative system in Fig. 1 . The objective is to design individual controllers for DERs located throughout a feeder f , so that the active power injected at the feeder head, P in f , is collectively adjusted in response to frequency deviations ∆ω f via the powerfrequency droop relationship ∆ω f = R F ,f ∆P in f , where R F ,f is a given regulation constant. This approach enables a system-theoretic stability analysis at the transmission level, where distribution-level DER aggregations can be effectively modeled as virtual power plants that provide prescribed primary frequency response characteristics.
Targeting the goal outlined above, we develop a systematic procedure to design power-frequency droop characteristics by leveraging suitable linear approximations of the AC power-flow equations [6] , [7] . The resultant droop coefficients intrinsically embed information regarding the locations of the DERs and, hence, the effect of each DER power adjustment ∆P k on the feeder-level response ∆P in f [cf. Figure 1] . The proposed methodology also accommodates DER "participation factors," which can be designed either to ensure fairness across the DER power adjustments, or, based on (albeit futuristic) distribution-level frequencysupport markets. Overall, the resultant droop coefficients resemble traditional participation coefficients of large-scale generators in secondary frequency control settings in the bulk transmission system [8] , [9] ; in our case, these factors model the contribution of each DER towards achieving a prescribed (collective) regulation constant R F ,f at the feeder head, and account for both distribution-network power flows and fairness/market principles.
Prior work in this context have considered primary frequency control schemes for large-scale photovoltaic (PV) and wind plants [1] , [5] , [10] . At the distribution level, decentralized primary frequency control schemes have been explored leveraging PV systems [11] , energy storage systems [4] , [12] , [13] , or based on switching on/off HVAC systems, refrigerators, and water heaters when the magnitude and duration of local frequency deviation and the temperature hit certain thresholds [2] , [3] . Small-scale experiments on residential appliances participating in frequency control have also been performed [14] - [16] . Overall, the effects of the DER location (and, hence, power flows within the feeder), operational constraints, and participation factors on the design and performance analysis of primary frequency control are not considered. Furthermore, ad-hoc and networkagnostic designs may not enable the distribution system to achieve a prescribed regulation constant R F ,f at the feeder head. A simulation study has demonstrated effectiveness of load-side participation in primary frequency control [17] . To the best of our knowledge, this paper is the first to propose a primary frequency control law for DERs that achieves a target aggregate performance, while simultaneously ensuring that the response of individual DERs is location agnostic.
The remainder of this paper is organized as follows. In Section II, the mathematical notation, network model, and dynamical models of generators and DERs are described. By analyzing the steady-state frequency, Section III presents the proposed method to engineer DER droop slopes while acknowledging the distribution feeder network. In Section IV, we present several numerical case studies to illustrate the proposed design method. Finally, concluding remarks and some directions for future work are highlighted in Section V.
II. PRELIMINARIES AND SYSTEM MODEL
In this section, we first establish notation and then describe the power-system model.
A. Notation
Let R be the set of real numbers and C the set of complex numbers. Given a finite set S ⊂ R we use S = |S| to denote its cardinality. The matrix inverse is denoted by (·) −1 , transpose by (·) T , complex conjugate by (·) * , real and imaginary parts of a complex number by Re{·} and Im{·}, respectively, and j := √ −1. The magnitude of a complex scalar is denoted by | · |. A diagonal matrix formed with diagonal entries composed of entries of vector x is denoted by diag(x). For a matrix X, X mn returns the entry in the m row and n column of X and X n, · denotes nth row of X.
The N × 1 vectors with all ones and all zeros are denoted by 1 N and 0 N , respectively. The spaces of N × 1 real-valued and complex-valued vectors are denoted by R N and C N , respectively.
B. Network Model
In this section we introduce the notation used to describe the transmission and distribution systems.
1) Transmission Network: We consider a classical power network model for the transmission grid, which is represented by a graph, where N := {1, . . . , |N |} is the set of buses, and E ⊂ N × N is the set of transmission lines. A transmission line is denoted by (g, ) ∈ E. Partition the set N = G ∪ L, where G is the set of buses that are connected to conventional turbine-based generators (high inertia) and L is the set of buses that are connected to loads (which can be aggregate representations of distribution feeders). The set of neighbors of bus g is defined as N g := { ∈ N | (g, ) ∈ E}.
2) Distribution Network: Denote, by F ⊂ L, the set of buses in the transmission system where distribution feeders are present. Node 0 denotes the secondary side of the distribution transformer. Accordingly, nodes of the distribution feeder connected to transmission system bus f ∈ F, comprising B f + 1 nodes, are collected in the set B f ∪ {0}, B f := {1, . . . , B f }, and lines represented by the set of edges
for the distribution feeder connected to transmission system bus f ∈ F, let D f ⊆ B f with cardinality D f = |D f | denote the set of buses where controllable DERs are present. Let V n ∈ C and I n ∈ C denote the phasors for the lineto-ground voltage at and the current injected into node n, respectively, and define the B f -dimensional complex vectors
. Also, let V 0 denote the voltage at the secondary side of the distribution transformer, and let I 0 denote the current injected into the distribution feeder from the transmission system bus f . Using Ohm's and Kirchhoff's circuit laws, the following linear relationship can be established:
where the system admittance matrix
is formed based on the system topology and the π-equivalent circuit of the distribution lines (see e.g., [18, Chapter 6] for additional details on distribution line modeling), and is partitioned in sub-matrices with the following dimensions:
, and y 00 ∈ C.
C. Power-flow Equations
Transmission line (k, j) is modeled using the lumpedelement π-model with series admittance y kj = y jk = g kj + jb kj ∈ C \ {0} and shunt admittance y sh kj = g sh kj + jb sh kj ∈ C \ {0} on both ends of the line. The power injections at buses k ∈ N ∪ (∪ f ∈F B f ) are given by
where P k and Q k are the net non-frequency-sensitive activeand reactive-power injections at node k; and following standard power-flow computations, the branch flows P kj , Q kj , are given by
In (3), at bus k, frequency-sensitive active-power injections are −m kθk if bus k is connected to DERs with droop slope m k . We comment on this further in Section II-D.2 below.
D. System Dynamical Models
We describe the dynamical model for the generators in the transmission network, and then discuss the frequencyresponsive DER model. 1) Transmission Network: Since we are interested in time scales in the regime of primary frequency response, we model the dynamics of angular position, frequency, and mechanical-power input for the generators in the network. In particular, for the g ∈ G generator, we adopt the following third-order dynamical model:
Above, θ g , ω g , and P m g are the dynamical states for rotor electrical angular position, generator frequency, and turbine mechanical power, respectively, for the g generator, and ω s = 2π60 [rad sec −1 ] is the synchronous frequency. Furthermore, M g is the inertia constant, D g is the load damping coefficient (capturing the frequency-sensitive loads at bus g), R G,g is the frequency-power speed-droop regulation constant, τ g is the turbine time constant, and P r g denotes its reference power setting (assumed to be constant since it derives from secondary control). Finally, P g is the injection at bus g (negative, if we wish to model a constant power load).
2) Distribution Network: Assume the following model for the power-electronics-based zero-inertia DERs connected to buses k ∈ B f in feeder f ∈ Ḟ
The above model is appropriate for DERs in a setting where the frequency at the feeder head (connected to the transmission network) percolates down to all buses in the feeder [17] . The droop coefficient m k establishes the frequency response of the DER at bus k. Recall that we define D f ⊆ B f to be the subset of nodes with frequency-responsive DERs and note that m k > 0, ∀ k ∈ D f ; and m k = 0, ∀ k ∈ B f \D f . For simplicity and ease of subsequent exposition, we assume that the power rating of each DER is identical for each feeder. Extensions to the case where DER capacities are significantly different are beyond the scope of the present work, and they remain the focus of ongoing investigations.
III. FREQUENCY RESPONSE OF TRANSMISSION AND DISTRIBUTION NETWORK
In this section, we quantify the steady-state frequency offset that results from a power imbalance in the network. Subsequently, we describe how the DER droop slopes can be engineered to yield a desired frequency regulation for the combined transmission-distribution network while acknowledging power flows in the distribution feeder.
A. System Steady-state Frequency
Assume the system initially operates at the synchronous steady-state equilibrium point with ω
• g = ω s . Accordingly, from (4), at the initial steady state, for generator g ∈ G,
Then, suppose an imbalance in active-power generation and consumption arises in the transmission network. The system would eventually settle to a new steady state. Since we are interested in a time horizon where secondary control has not yet acted (i.e., P r g remains constant), this steady state does not correspond to the nominal (synchronous) frequency. Define new steady-state quantities
With reference to the model in (4), at the new steady state, for generator g ∈ G,
Substituting the new steady-state variables defined above and recognizing (6), we get from (7) that
Finally, substitute (9) into (8) to get, for each g ∈ G,
Similarly, define new steady-state quantities ω f = ω s + ∆ω f , ∀ f ∈ F; P k = P • k + ∆P k and P kj = P • kj + ∆P kj , ∀ k ∈ B f and j ∈ N k . With reference to the model for the DERs in (5), at the new steady state, for the DER at bus k ∈ B f ,
Substituting the new steady-state quantities defined above and recognizing that, initially, ω
• f = ω s , we get that for a particular distribution feeder f ∈ F, and for all k ∈ B f ,
Summing (12) over all k ∈ B f , we get
(13) At the post-disturbance steady state, the power flows in the network settle to a new equilibrium, and so for any pair of buses k, j ∈ G∪F, θ kj = θ k −θ j is a constant. Consequently, we have that ∀ k, j ∈ G∪F,θ kj =θ k −θ j = ∆ω k −∆ω j = 0. Thus, at the new steady state, we get that
where ∆ω denotes the system-wide steady-state frequency offset. With this in mind, summing equalities in (10) over all generators g ∈ G and (13) over all feeders f ∈ F, we get
where the second equality follows from the fact that
Rearranging terms in (15) , and isolating ∆ω , we get that
where R
−1
eff is the network-wide frequency regulation characteristic, and it dictates the expected frequency offset given a change in power balance from the pre-disturbance frequencysynchronized equilibrium.
B. A Notion of Fairness
We will find it useful to disaggregate the frequency regulation expected from all feeders into a sum of expected contributions from each feeder by defining the frequency regulation constant for the f feeder as
With this definition in place, it follows straightforwardly that
Indeed, there are infinite options to pick the individual m k 's such that (17) holds. Under the presumed modeling constraint of the DERs having the same nominal power rating, but we focus on a particular choice that guarantees fairness of response. By this we mean that the change in active-power outputs of DERs in feeder f ∈ F are such that
With the definition of the per-feeder frequency-regulation characteristic in (17) , the design problem is the following:
How does one pick the power-frequency droop slopes for individual DERs (m k ) so that: i) in aggregate, the distribution feeder presents a frequency-regulation characteristic, R F ,f , at the feeder head, and ii) the injections of individual DERs (∆P k ) can be engineered to conform to the fairness objective in (19)? At first glance, the solution to the above design problem is not obvious, given the topological and compositional complexity of distribution networks. However, we demonstrate next how a linearization of the nonlinear power-flow equations for each feeder can aid in this design.
C. Designing the Droop Coefficients
For a particular feeder f ∈ F, we would like to achieve
where ∆P in f is the change in power flowing in from the feeder head into the distribution network. (See Fig. 1 for an illustration.) The key idea is to disaggregate the change in injection at the feeder head into individual contributions from injection changes at different nodes in the feeder. Following the developments in Appendix A, we reproduce (43) below:
where ∆P k is the change in injection at the DER installed at bus k in the feeder, and ϕ k takes the connotation of a participation factor, that quantifies how much a change in injection at a given node in the feeder contributes to the total change in the flow at the feeder head. The approach outlined in Appendix A leverages a straightforward linearization of the power-flow equations on a per-feeder basis to compute ϕ k , ∀ k ∈ B f . The values of ϕ k are different from −1 in realistic settings (due to lossy lines, non-negligible shunt loads, or, in the trivial case, the absence of frequencysensitive injections). We also note that the magnitudes of ϕ k tend to decrease for nodes that are farther away from the feeder head. This makes intuitive sense, since it implies that incremental changes in injections significantly downstream from the feeder head tend to have less impact on the injection change at the feeder head. 1 With these introductory remarks in place, we substitute (21) in (20), to obtain
The k DER is then designed to respond as follows
is the subset of nodes with frequency-responsive DERs; γ k = 0, ∀ k ∈ B f \ D f . Furthermore, the γ k values have to be picked such that k∈D f γ k = 1. While all choices of γ k as described above yield the required frequency-regulation characteristic for each feeder, different choices lead to different participatory models for the DERs. For instance, a straightforward (albeit naïve) option would be to choose
which conforms to the requirement that
With this choice, we get
As noted earlier, since the (magnitude of) ϕ k tends to reduce as we move downstream from the feeder head, with the model in (25), DERs that are electrically distant from the feeder head contribute-admittedly unfairly-more while providing primary-frequency response. Alternatively, the design strategy that ensures fairness of participation, i.e., ∆P 1 = · · · = ∆P D f , is to pick
Indeed, with this choice, it follows from (23) that
In this case, all DERs provide the same change in injection, and they are not penalized for their location on the feeder. We conclude by remarking that other choices of γ k would translate to alternative notions of fairness. Due to space constraints, we restrict the scope of the present paper and the subsequent numerical case studies to focus on the notion of fairness discussed in (19 
IV. CASE STUDIES
We simulate a 3-bus transmission system, N = {1, 2, 3}, with a generator connected at buses G = {1, 3} and a 36-bus distribution feeder with frequency-responsive DERs at F = {3}, as shown in Fig. 2 . The distribution feeder contains frequency-responsive DERs, D1, . . . , D9, at nodes D 3 = {2, 5, 8, 12, 13, 15, 20, 23, 34}. The 3-bus transmission system is a modified version of a test case in [19] . The 36-bus distribution feeder, whose head bus is connected to transmission bus 3, is a suitably modified version of the IEEE 37-bus distribution test feeder [20] . The network parameters of the 3-bus system, and power-flow states corresponding to the pre-disturbance steady state are listed in Appendix B. For convenience, voltage magnitudes are in per unit (pu) with a 4.8 [kV] base, and power and impedance values are also in (pu), unless otherwise specified. Ensuing results are obtained from time-domain simulations of the combined transmissiondistribution-network model from Section II, performed with the Power System Toolbox [21] .
At time t = 0 [sec], the load at bus 2 in the transmission network undergoes a step increase of 0.00217. In our case studies, we consider four possible scenarios in which primary frequency response is provided due to the load change, described as follows: , also confirmed by simulation results shown in Fig. 3 . Since the 9 DERs are coordinated to provide the same frequencyregulation constant at the feeder head, in all three cases, the transient response and steady-state behaviour are the same. Broadly speaking, the results shown in Fig. 3 confirm that controlling the DERs leads to a better transient performance, with faster convergence and smaller oscillations, than the case where only the generators provide frequency response. The main reason is that the DERs instantly respond to frequency deviations unlike the generators. Furthermore, the match in steady-state between the time-domain simulation results (in solid lines) and the analytical results (dashed lines) validates the analytical developments in Section III.
B. Comparison of Cases (B), (C), and (D)
By selecting droop coefficients as in (25), i.e., Case (B), we obtain the trend that DERs farther away from the feeder head contribute more active power while providing primary frequency support. This makes intuitive sense, since incremental changes in injections significantly downstream from the feeder head tend to have less impact on the injection change at the feeder head. In order to see this effect, we plot the normalized quantity (∆P k − ∆P 1 )100/∆P dist in Fig. 4a , where ∆P 1 is the change in active-power injection at the DER closest to the feeder head.
With the arbitrary droop coefficients discussed in case (C), we plot the quantities ∆P k /∆P dist in Fig. 4b . In this setup, we see that the injections are arbitrary and they are not systematically engineered to conform to any fairness objective. In contrast, with the allocation defined in (27), i.e., case (D), we plot the quantities ∆P k /∆P dist in Fig. 4c . This clearly promotes a sense of fairness among the DERs since they all contribute equally to offer primary frequency response.
Notice from Fig. 4b and Fig. 4c that although individual DER contributions vary (based on the choice of the design coefficient γ k ), the total contribution of DERs (i.e. 
V. CONCLUDING REMARKS AND ONGOING WORK
In this paper, we proposed a method to design powerfrequency droop characteristics for individual DERs in a distribution feeder so that, in aggregate, they provide a prescribed primary frequency response at the feeder head. The method leverages linear approximations of the AC powerflow equations to embed participation factors into the design of the droop slopes such that the change in injections from the DERs can be engineered to be location agnostic. In the present work, DERs have been assumed to have the same nominal power rating, however, ongoing research includes extending this to consider DERs with different power ratings. Other avenues for future work include developing systematic methods for stability and convergence analyses, and real-time implementations of proposed algorithms.
APPENDIX

A. Approximation of Power Flowing into Distribution Feeder
Let s ∈ C B f collect the complex-power injections at buses in B f in feeder f ∈ F. Then, using (1), the complex-power injections can be compactly written as 
where Γ, Ξ ∈ C B f ×B f , and s nom ∈ C 
